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Fracture and fatigue life of an engineering component is highly sensitive to stress concentrations that can arise at
sharp corners. Stress concentration can be caused by impact, pressure, and high temperatures, among other
factors. High operating temperatures are common in internal combustion engines, batteries, computers, and
additive manufacturing. In this work, we aim to provide systematic notch design guidelines for thin metallic
plates subjected to strict geometrical boundary conditions under high temperatures. Computational analysis is
used to investigate how geometrical configurations, near critical areas, affect the magnitude of thermally-in-
duced stress and strain under the influence of uniform heating conditions. Results show that tuning the curvature
of sharp corners can allow for the mitigation of potentially destructive thermally-induced stresses. Additionally,
this study shows that the use of functionally graded materials (with varying values of coefficient of thermal
expansion and modulus) can redistribute thermally-induced stresses, improving the structural performance of

metallic materials in the presence of high temperature environments.

1. Introduction

Structural failure often arises due to undesired stress concentration
caused by irregular shapes and cracks which greatly reduces the fatigue
life of engineering components. As a result, much research has been
dedicated to mitigating stress of structures, for example under static
tension loading, by using design strategies like heterogeneity, hier-
archy, and geometrical shapes (Jones et al., 2005; Das et al., 2005; Jang
et al., 2004; Verho et al., 2018; Sanchez et al., 2005; Gu et al., 2016,
2017a,b,c). Geometrical shapes that have been studied include fillets or
holes where material is added or removed at sharp corners to smooth
the fringe and mitigate the stress concentration. Additionally, optimi-
zation algorithms and machine learning are also used to further hone in
on many complex design problems with many variables (Brackett et al.,
2011; Gaynor et al., 2014; Gu and Buehler, 2018; Gu et al., 2018a,b;
Yeo et al.,, 2018). For instance, Sonmez worked on minimizing the
maximum von Mises stress at the fillet of a shouldered plate by
searching in a constrained domain the best boundary shape which is
defined through multiple key points connected with spline curves
(Sonmez, 2009). This method is used in many studies due to its ad-
justable boundary conditions and high accuracy under sufficient
amount of key points (Schmid et al., 2005; Wu, 2005; Yoo et al., 2006).
However, with their high accuracy comes a computational cost which
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signifies a tradeoff in design (Sonmez, 2007). In another work, Wu
optimized a hole under tension loading by parameterizing the hole
boundary with an analytical super-ellipse curve (Wu, 2009). Studies
utilizing this method require fewer variables and still retain an effective
optimization outcome (Van Miegroet and Duysinx, 2007; Pedersen,
2004; Phan and Phan, 1999). One challenge with these methods in-
volves choosing the proper expression for the boundary curve with a
reasonable number of variables (Wu, 2009). There are also researchers
applying non-gradient optimization where they search for a fillet shape
to reach uniform tangential stress along the boundary (Schnack and
Sporl, 1986; Kaye and Heller, 2000; Waldman et al., 2001). This
method appears to be both effective and efficient when no geometric
constraint is enforced.

In addition to mechanical boundary conditions (tension, bending, or
torsion), high temperature can also generate an unavoidable stress riser
in applications such as internal combustion engines, batteries, compu-
ters and manufacturing. Many researchers have looked into the dy-
namic control factors to mitigate the residual stress and distortion
caused by rapid local heating during welding and heat treatment pro-
cess (Yang and Jung, 2007; Ren et al., 2014; Deo and Michaleris, 2003;
Dong, 2005). Due to the complex coupling behavior between dynamic
heating and deformation, the main research objective is analyzing the
underlying reason and formation of the residual stress field instead of
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optimizing the entire dynamic system. The improved understanding
will thus enable the tuning of temperature change rate, area of the
heating zone, and heat path for longer service life. Additionally, re-
searchers have also conducted static thermally-induced stress studies on
particular structural materials. For instance, Ando et al. looked into
design principals for tubesheets to mitigate the stress induced by high
temperature and pressure (Ando et al., 2008). Weil and Koeppel ana-
lyzed the thermally-induced stress in the bonded compliant seal for fuel
cells and window frames and proposed the potential design defects and
improvements (Weil and Koeppel, 2008). However, there is a need to
have a more thorough fundamental understanding of how geometrical
configurations at critical areas affect structural response.

Due to the comprehensive studies on stress concentration induced
by mechanical loadings in the past decades, it is natural for the scien-
tific community to assume a highly similar effect from a thermal
loading condition. However, it is of note that the two cases can be very
different depending on how they are used in real world engineering
structures. Mechanically-induced stress concentration usually occurs on
a structure's load-bearing member which mostly undergoes a uniaxial
or biaxial tensional loading, while thermally-induced stress concentra-
tion prevails in modern structures where compact assembly is required
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such as smart phones, vehicle engines and satellites, etc. In these sce-
narios, it is rational to regard them as complex compressive loading
conditions that are highly correlated to the shapes of the bulk members
and how their perimeters are bounded. Due to the great concern of
yielding for metal materials, the huge distortional stress induced by
these compressive loading conditions, which are currently not well
understood, deserve a careful investigation. Thus, to fill this gap in
literature, in this study we aim to systematically study the thermally-
induced stress concentration pattern at a critical region of a loaded
member under the most extreme boundary conditions and devise fea-
sible methods to mitigate their effects. In this work, the stress con-
centration at the concave corner of thin metal plates under constant
uniform temperature is studied. Different notch designs and their ef-
fects on mitigating the stress concentration will be simulated and dis-
cussed. Here, all notches will be created through removal of material to
match the practical constraints from compact assembly (more details in
Section 2). The entire shape of the plate and the relative location of the
notch will be varied to examine the generality of the notch effect. Ad-
ditionally, inspired by the new capabilities in additive manufacturing,
we propose adding sacrificial materials (a second stronger material that
will help reduce stress concentration) at the notch area as another
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Fig. 2. (a) 2D simplified von Mises stress simulation
results for notch designs with constant concavity va-
lues of 1/4, 1/6 and 1/8 mm ~ . (b) Stress distribution
plots along the notch edge. It can be shown that two
stress peaks exist around the axis of symmetry. As the
concavity value decreases, the thermal stress is more
distributed along the edge.
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strategy. The finite element modeling method including model setup,
boundary conditions, and material properties are defined in Section 2.
Results and discussion of simulations are presented in Section 3.
Section 4 will summarize the paper and discuss future work.

2. Materials and methods
2.1. Model setup and boundary conditions

The model problem studied in this work is a 2D L-shaped plate with
a concave corner shown in Fig. 1. Plane stress conditions are assumed in
the plate because the through thickness is small compared to the other
dimensions, which is depicted in Fig. 1(a). The entire plate, initially at
23°C, is subjected to an increased temperature of 70 °C, which is a
common operating temperature for many electronic applications
(Simons, and Chu, 2002; Liu et al., 2014). To magnify the thermally-
induced stress, the plate is fixed at all edges except for those at the
concave corner. We want to make a note here that the strict constraints
may cause high stress concentration around the fixture corners which is
not considered here since the focus of this work will be on the miti-
gation of thermally-induced stress concentration caused by the concave
geometry. By omitting the thickness dimension (3 mm) which is less
than 10% of the other dimensions, the element number is reduced by
90% with a negligible effect on the general trend of the von Mises stress
profiles. In this study, the original shape of the plate given in Fig. 1(a)
will be used as a geometric constraint. This implies that no modifica-
tions to the notch should bypass the perimeter of the original design.
Similar geometrical restrictions are possible in compact assemblies such
as in electronics and engines, or in extreme environments like those
faced by space probes. In addition to generating different notch geo-
metries, the use of sacrificial materials at the critical area will also be
investigated. The sacrificial part will completely fill the subtracted area
from the notch. The non-sacrificial part of the design will be denoted as
the bulk material in the text.

The material considered here is a zinc-aluminum-magnesium alloy
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(preset from Solidworks software) with an elastic modulus of 85 GPa,
Poisson's ratio of 0.3 and a coefficient of thermal expansion (CTE) of
2.74 x 107° K~ !, The material behavior is modeled as homogeneous,
isotropic, and linear. As seen in Fig. 1(b), a representative mesh at the
interface between the bulk material and the sacrificial material is
chosen to balance computational efficiency and accuracy due to a dis-
continuity in material property which normally requires a higher mesh
density than typical notches. A mesh convergence study is conducted
and shown in Fig. 1(c) with less than 1% difference in von Mises stress
values at the converged mesh density of 5 elements per millimeter
along the notch edge. This paper will consider two main types of notch
designs including Type 1 design with notches with constant slope
change rates and Type 2 design with circular notches. To consider cases
where material loss is undesirable, the potential of balancing peak
stress and material loss is tested on both types of notches. Then, the
effect of adding sacrificial material at the notch will also be in-
vestigated.

2.2. Type 1 design: notches with constant slope change rates

The first type of design considered has a constant changing rate of
slope which is referred to as the concavity value f (x) = c in this text.
The concavity parameter is used to generate the notch profiles, f(x), by
first defining boundary conditions for the slope at the entrance of the
notch and the end of the profile at the line of symmetry as seen in
Fig. 1(d) where the half notch profile is divided into three regions.
Regions 1 and 2 are positioned to satisfy the geometric constraint. All
the three regions share the same length of 1. The profiles are then
mirrored across the symmetry line to reach the full cut-out notches
shown in Fig. 1(e) at concavity values of c= 1/4, 1/6 and 1/8 mm~ .
The origin of f(x)is defined to be the pre-existing corner of the plate
without a notch (i.e. where the vertical and horizontal entrances to the
notch intersect). Thus, the equations defining the profiles are shown
below:
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Fig. 3. (a) 2D simplified von Mises stress simulation results for circular notch designs with radius of 8, 10 and 12 mm. (b) Stress distribution plots along the notch
edge. It can be shown that only a single stress peak exists at the axis of symmetry. As the radius increases, the thermal stress is more distributed along the edge. (c)
The maximum von Mises stress along the edge of notches with radius varying from 4-16 mm. The corresponding area of material loss is also calculated.
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where ¢ is the concavity value, x, = — — - is the position of the en-

trance point, and x; = —i is the point where the profile meets the line
of symmetry, y = x.

2.3. Type 2 design: circular notches

In addition to the Type 1 designs, circular profiles (Type 2 design)
are also investigated to relieve stresses at the notch. One common notch
design for concave corners is a simple round fillet where material is
added to form an arc that is tangent to the edges. However, this type of
notch does not satisfy the geometry constraints introduced previously.
Thus, the origin of the radius of curvature is placed at the 90 ° sharp
corners shown in Fig. 1(f). Three notches are created with radii 8, 10
and 12 mm and any material inside of the circle is removed. The convex
corners at the intersection of the circle and the edges are filleted with
the same radius as of the circle to keep a constant radius of curvature
throughout the entire notched curve.

3. Results
3.1. The effects of concavity (Type 1)

Three concavity values (1/4,1/6 and 1/8 mm ™ 1) are considered for
the notch curve. The concavity value is defined as the second derivative
of a curve in the xy-plane which depicts the rate of change of the slope.
This feature is chosen for its representation of the smoothness of the
notch curve. The simulation results are shown in Fig. 2(a) as von Mises
stress profiles that measure the yielding of ductile materials. Fig. 2(b)
shows the von Mises stress distribution along the notch where the da-
shed line represents symmetry axis. The maximum effective stress along
the notch for concavity values of 1/4, 1/6 and 1/8 mm ™! are 414.1,
347.0 and 308.3 MPa, respectively. Results show that as concavity de-
creases, maximum stress along the notch also decreases. Moreover, the
stress tends to distribute more uniformly along the notch for smaller
concavity values which leads us to believe that the larger notch size and
length plays a critical role in the observed stress mitigation. While at
the same time, the maximum stress values occur on both sides of the
symmetry axis leading to two stress concentration peaks and a stress
valley in the middle (Fig. 2(b)). To explain this result, the radius of
curvature is calculated along the notch whose value decreases first and
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increases to the maximum at the center of notch from region 2 to 3 (for
details of the shape profile, refer to the Methods section). Thus, the two
stress concentration peaks are closely related to the radius of curvature.

3.2. The effects of radius of curvature (Type 2)

Three radius of curvature values (8, 10, and 12 mm) are considered
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for the notch curve. As mentioned above, this feature is investigated for
its possible influence on the stress distribution. The von Mises stress
profiles are shown in Fig. 3(a). Fig. 3(b) shows the von Mises stress
distribution along the notch with the dashed line representing the
symmetry axis. The maximum effective stress along the notch for radii
8,10 and 12 mm are 376.3, 333.7 and 300.7 MPa where the stress along
the notch decreases as the circle gets larger. To further validate the
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Fig. 6. Investigation on the stress profiles of different mass distributions around the notch. The shapes and their alterations have equivalent mass. (a) Circular base
shape (b) rectangular base shape. Boundary conditions are unchanged. x is the offset dimension where when x = 0, the shape is symmetrical and where x > 0, it is
unsymmetrical. Three values of x were chosen: 0, 30, and 50 mm. Vertical lines show maximum stress locations.

hypothesis, the peak effective stress of notches with radius varying from
4-16 mm is simulated and plotted in Fig. 3(c). The corresponding area
of material loss is calculated to better quantify the notch size. As ex-
pected, the stress becomes more distributed as the radius of the notch
increases which proves the necessity of the notch size in mitigating
thermally-induced stress concentration. However, the mitigation effect
decays as the radius keep increasing. This indicates the existence of an
optimized radius under certain practical cases. Furthermore, the stress
distribution gives a different pattern compared with notches using
constant concavity values. For circular notches with a constant radius of
curvature, the maximum stress occurs at the center of symmetry where
the stress rises or falls monotonically before or after the peak. Hence,
the two peaks observed from Type 1 notches are likely to be caused by
the local minimum radius of curvature on both sides of the symmetrical
axis, and the local stress minimum is the result of a radius maximum at
the center. It should be noted that although radius can affect the
thermally-induced stress concentration to some extent, the extreme
stress values do not occur at the exact same position as the extreme
radius values. This correlation between radius of curvature and stress
concentration is consistent with Neuber's Fade-away Law (Neuber,
1958). However, due to the complex boundary conditions of this
thermally-loaded plate, there can be multiple correlated factors besides
radius affecting the stress concentration at the notch. Thus, the effect of
the notch size and entire plate shape while keeping other features fixed
will be examined.

3.3. Reduction of material loss

As mentioned in the Methods section, material addition at the notch
is not allowed under a geometric constraint which is determined by the
original bulk shape perimeter. The previous section shows that larger
notches tend to have more uniform stress distribution and lower peak
stress (Fig. 3(c)). However, there exist cases where material reduction is
undesirable due to a more complex manufacturing process or a tradeoff
in product property like battery capacity which is highly related to its
volume (Bar-cohen, 1992). To explore the tradeoff between stress mi-
tigation and material loss, shape modifications are explored. For the
Type 1 notch with a concavity value of 1/6 mm~?, the length of region
1 and 2 is reduced by 2 mm (for details of the shape profile, refer to the
Methods section) which makes the notch shallower as shown in
Fig. 4(a) while keeping the shape within the constraints. As seen in
Fig. 4(b) the modified notch has a similar stress distribution where the

peak stress is even 1.64% lower than the original notch. Furthermore,
the material loss is reduced by 36.3% with the modified design.

A similar modification is performed on the Type 2 notch with a
radius of curvature of 10 mm. The origin of the radius was moved out
5mm along the axis of symmetry with the sharp corners filleted ac-
cordingly as shown in Fig. 5(a). This modification creates a shallower
version of the circular notch while retaining its geometric features and
practical constraints. Results show a similar stress distribution with a
peak stress 0.66% higher than the original circular notch as seen in
Fig. 5(b). In this case, a material loss reduction of 36% is achieved.

These results validate the assumption that lower thermally-induced
stress concentration is not necessarily caused by larger notch sizes.
Rather, the distribution is more influenced by the radius of curvature
and length of the critical region of the notch. This critical region refers
to region 3 in Type 1 notches and the center arc in Type 2 notches
where stress peaks occur. However, the modifications described above
mainly focus on regions 1 and 2 in Type 1 notches and the fillet corners
in Type 2 notches which are necessary for practical constraints but are
slightly stressed. This reveals the possibility of tailoring the notch to
obtain a minimized stress concentration and material loss.

3.4. Variations in mass distribution

In this section, different distributions of mass around the notch are
investigated for their effect on the stress profile along the notch. As seen
in Fig. 6, two base shapes (circle and square) are selected and a notch
radius of 10 mm is used. The different shapes were generated by off-
setting the notch by x mm while keeping the area constant at
7750 mm?. Three values of x were chosen: 0, 30, and 50 mm. An x value
of zero results in a symmetrical shape for which the stress profile is also
symmetrical about the zero position along the notch, indicated by the
red dotted vertical line on the plots in Fig. 6. When x is a non-zero value
the shape is no longer symmetrical, and this results in an unsymmetrical
stress profile that can be seen by the offset vertical lines in Fig. 6. This is
caused by a larger unrestricted boundary on one side of the shape re-
sulting in an unbalanced relief of material flow.

3.5. Addition of sacrificial material
In previous sections, material is removed from the notch to mitigate

the thermally-induced stress concentration which creates empty space
that is likely to be unused in real applications. Thus, we aim to look at
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Fig. 7. (a) A circular notch design (10 mm radius) filled with sacrificial material highlighted in blue. Different coefficient of thermal expansion (CTE;) and modulus
(E,) are assigned to the sacrificial material. (b) Maximum von Mises stress around the notch in the bulk material at different CTE, values. The simulation stress profile
results at thermal expansion coefficient ratio (CTE;/CTE) of 0.1 and 1 are shown. (c) Maximum von Mises stress around the notch in the bulk material at different E;
values. The simulation stress profile results at modulus ratio (E;/E) of 0.1 and 1 are shown.

the possibility of utilizing this space to further reduce the stress.
Additional material is added to completely fill the gap between the
notch and the boundaries. The hypothetical material in this area is
defined as a sacrificial material which we assume will not yield or fail.
This method is inspired by the development of additive manufacturing
which allows multi-material designs with complex geometries (Libonati
et al., 2016; Gao et al., 2015, 2017a,b,c; Gibson et al., 2015; Guo and
Leu, 2013; Huang et al., 2015). The materials are assumed to be per-
fectly bonded at the interface. Different modulus (E), coefficient of
thermal expansion (CTE) and Poisson's ratio are assigned to the sacri-
ficial material as shown in Fig. 6(a) and the max von Mises stress in the
bulk material (not sacrificial material) around the notch is investigated.
The Type 2 notch geometry with a radius of 10 mm is used for this case
study.

First, the coefficient of thermal expansion of the sacrificial material
(CTE,) is taken as the varying input parameter while both materials
share the same modulus. A ratio of CTE; to CTE (the bulk material CTE)
is considered here. It can be seen from the stress map in Fig. 7(b) that a
high stress concentration occurs at the sharp concave corner of the

108

sacrificial material which is acceptable for its irrelevance to the func-
tion of the bulk part. The benefit of adding sacrificial material is the
large reduction in the max von Mises stress around the circular notch
which gradually decreases as CTE; gets smaller until a ratio (CTE;/CTE)
of 0.2 is reached where a rapid stress rise is observed. The optimum
stress at a CTE;/CTE ratio of 0.2 is only 162.2 MPa which is around
50% of the peak stress (333.7 MPa) without the sacrificial material.

Next, the modulus of the sacrificial material (E;) was taken as the
varying parameter with CTE, set equal to the coefficient of thermal
expansion of the bulk material (reference CTE). Similarly, this para-
meter is divided by the modulus of the bulk material to get a normal-
ized ratio of E;/E. Results show that the max von Mises stress around
the notch has a similar trend as in Fig. 7(c) except that the optimum
occurs at a modulus ratio of 0.6. The rapid climb can still be observed
when the sacrificial material gets even softer. The corresponding op-
timum stress is 163.8 MPa which is again close to 50% of the peak stress
without the sacrificial material.

A third important property of an isotropic elastic material is the
Poisson's ratio. Simulations are carried out similarly as for CTE and E
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Fig. 8. (a) A circular notch design (10 mm radius) filled with two
different sacrificial materials highlighted in blue and green. Each
of them covers a radius of 5 mm. Different modulus E; and E, are
assigned to the two sacrificial materials. (b) Maximum von Mises
stress around the notch in the bulk material at different combi-
nations of E; and E, values. The modulus ratios (E;/E and E,/E)
vary from 0.1 to 1 with an increment of 0.1. The simulation stress
profile results at four different cases are shown.
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except that the Poisson's ratio of the sacrificial material is not nor-
malized to the bulk material due to its dimensionless nature. The range
of the Poisson's ratio is chosen to be between 0.2-0.4, which covers
most of the typical metals. Our results show that the peak stress at the
notch stays within 168 = 0.7 MPa throughout the Poisson's ratio var-
iation range. This indicates that tuning sacrificial material's Poisson's
ratio does not have a large effect on stress concentration compared with
tuning the properties of modulus and coefficient of thermal expansion.

To address the thermally-induced stress reduction caused by the
sacrificial material, the source of the stress concentration is in-
vestigated. Since the test object is fixed at most of its margin as dis-
cussed in the Methods section, the thermal expansion is forced toward
the concave notch in which direction the object is free to move. As a
result, the notch area which would be expanded if the whole object is
free to swell is squeezed and thus shrunk. A smaller notch perimeter
will compress the material in the tangential direction and drive up the
corresponding compressive stress. The existence of the sacrificial ma-
terial will create a resistant compressive stress on the radial direction
which is undesirable. However, this will restrict the change in the notch
perimeter and thus mitigate the tangential compression. Hence, it is
possible to reach some optimum thermally-induced stress concentration
on the notch that is much smaller compared to an empty notch if the
properties of the sacrificial material are carefully chosen.

3.6. Discussion and future work

The previous tests reveal that filling the notch with sacrificial ma-
terial can distribute the thermally-induced stress and mitigate the stress
concentration which is beneficial assuming the added material is not
vulnerable to yielding or failure. And the mitigation highly depends on
the property relation between the bulk material and the sacrificial
material. Inspired by these results, we also conduct a 3D design study
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where the notch is filled with more than one sacrificial material, termed
a functional-graded material. Fig. 8(a) shows the setup for the notch
with two different sacrificial materials. Material 2 occupies a circular
region at a radius of 5mm and material 1 fills the rest of the Type 2
notch at a radius of 10 mm. Different modulus (E; and E,) are assigned
to the sacrificial materials while all three parts share the same coeffi-
cient of thermal expansion. The maximum von Mises stress and the
stress profiles under four specific cases are shown in Fig. 8(b) where the
horizontal arises represent the modulus ratios. The rapid and slow stress
climb at low and high modulus ratios, respectively, are consistent with
the single sacrificial material results. From the figure, it is observed that
multiple E; and E, combinations achieve the optimum stress value
around 163 MPa. The stress valley formed by these combinations can be
approximated by the following relationship: % + f—é = 1. This leads to a
potentially existing analytical model for adding gradient material for
reduction of thermally-induced stress at a concave notch.

In this paper, we observe how various shapes and different materials
affect stress concentration of irregularly shaped materials. Thermally-
induced stress results show that there is a possibility for optimal com-
binations of these features for the design. Future work includes per-
forming topology optimization analysis for determining optimum
shapes and materials for mitigating thermally-induced stress con-
centration of materials.

4. Conclusions

In this work, we aim to provide systematic notch design guidelines
for thin metallic plates subjected to strict geometrical boundary con-
ditions under high temperatures. Type 1 (constant concavity) and 2
(circular) notch designs are tested at a 90° concave corner under a
geometric constraint to mitigate the thermally-induced stress con-
centration of a heated object whose boundaries are fixed. Results show
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a high correlation between the stress distribution pattern along the
notch edge and its radius of curvature. Due to the stress being primarily
related to the curvature of the notch, the depth at which the notch is
made does not greatly affect the magnitude of the thermally-induced
stress. Large stresses only appear in regions of the notch that are con-
cave and have small radius of curvature. Hence, a shallower notch
could be favorable to minimize material removal. The effects of mass
distribution were also investigated, and results showed that the stress
profile depended on the symmetry of the base shape. Additionally, the
stress concentration of the notch is also explored when it is filled with
sacrificial materials within the geometric constrains. The coefficient of
thermal expansion and the modulus of the sacrificial material can be
tuned to reduce the stress peak along the notch by 50%. Moreover,
when there are two different kinds of sacrificial materials, the minimum
von Mises stress can be achieved with a series of material property
combinations. This result shows the potential in minimizing thermally-
induced stress with functionally-graded materials at the notch. An ex-
tension to this work includes performing topology optimization analysis
for determining optimum shapes and materials for mitigating ther-
mally-induced stress concentration of notches.
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